After considering the reference case of the motion of spinning test bodies in the equatorial plane of the Schwarzschild space-time, we generalize the results to the case of the motion of a spinning particle in the equatorial plane of the Schwarzschild-de Sitter space-time. Specifically, we obtain the loci of turning points of the particle in this plane. We show that the cosmological constant affect the particle motion when the particle distance from the black hole is of the order of the inverse square root of the cosmological constant.
Introduction
The dynamics of particles in the gravitational field of a black hole is an interesting problem and has been studied extensively in the past (see e.g. [1] ). When the test particle has some internal angular momentum (spin), one could expect extra effects due to the interaction of the particle spin with the gravitational field. The well known Mathisson-Papapetrou-Dixon (MPD) equations describe the motion of such bodies in a general curved background by taking the spin-curvature interaction into account [2] .
The motion of a spinning particle in the space-time of a Kerr black hole has been studied in [3] . That study resulted in an exact solution for the MPD equations in the special case of motion in the equatorial plane with the particle spin perpendicular to this plane. A similar problem, the motion in the equatorial plane but with varying spin components was investigated in [4] . The motion of spinning particles in a Kerr field has also been studied in [5, 6] using numerical techniques and various supplementary conditions. Spatially circular orbits of spinning particle in Schwarzschild space-time and the resulting clock effects were studied in [7] and ultra-relativistic circular orbits were studied in [8] . The clock effects were also investigated for the Kerr black hole in [9] . The case of the motion in Reissner-Nordströme space-time was studied in [10] and in [11] .
The aim of the present work is to investigate the effect of the cosmological constant on the dynamics of spinning particles. To this end, we consider the motion of such particles in a Schwarzschild-de Sitter space-time. The cosmological constant has been a subject of interest since the early stages of the development of the general theory of relativity. This interest has been revived by connecting it with the vacuum energy of a quantum field [12] . It has also been echoed recently by the extensive research on dark energy for which the cosmological constant is the simplest candidate (see e.g [13] ).
The role of cosmological constant in the dynamics of particles has been investigated in the literature in different contexts. The motion of test particles in Schwarzschild-de Sitter and Schwarzschild-anti de Sitter space-times has been studied in [14] . Equilibrium of spinning test particles in Schwarzschild-de Sitter space-time has been investigated in [15] in which it has been shown that the relevant condition (which is independent of the spin of the particle) is met only on the so called static radius where the gravitational attraction is compensated by the repulsive cosmological constant. The case of charged spinning particles in Reissner-Nordström space-time has been considered in [16] and motion in ReissnerNordström-de Sitter space-time has been studied in [17] . Equilibrium conditions for spinning particles in a Kerr-de Sitter space-time was considered in [18] . A relativistic top theory has been discussed in [19] from the point of view of the de Sitter group and some other mathematical aspects of this theory has been studied in [20] .
In the following sections we first review the MPD equations and subsequently, as a reference case, we consider the motion of a spinning particle in the equatorial plane of the Schwarzschild space-time. The results are in agreement with those of the more general case of the Kerr black hole [3] in the appropriate limit. We then generalize the results to the case of the Schwarzschild-de Sitter space-time. The cosmological constant affects the dynamics of the particle in distances far from the black hole. These distances are of the order of inverse square root of the cosmological constant. In the last section we discuss the results.
The Equations of Motion
The motion of a spinning particle moving in a curved space-time is described by the MPD equations. To the lowest order, these are given by [2] 
where s µν is the particle spin tensor, p µ is the particle momentum, R µνκλ is the curvature tensor, overdots mean covariant differentiation v α ∇ α , and v µ is the particle velocity. These equations are usually supplemented by another equation to make them complete. A well-known example is the Tulczyjew supplementary condition
It can be shown that under these equations the particle mass and spin are conserved, i.e.,
It is convenient to represent the particle spin with the spin four-vector defined by
in which ǫ µναβ is the alternating symbol. There is no equation of motion for the particle velocity but it can be computed via the following equation
which is itself a consequence of the equations of motion [3, 21] . This equation simplifies further when some specific gauges, say v κ p κ = −m, is chosen. This is the gauge in which the instantaneous zeromomentum and the zero-velocity frames are simultaneous [2] . The MPD equations do not guarantee that v µ v µ is constant. Denoting
µ is orthogonal to u µ and is the particle 3-velocity with respect to the zero-momentum observer with 4-velocity u µ [21] . For a space-time admitting a Killing vector ξ µ the following relation gives a constant of motion [2] 
Motion in Schwarzschild Space-time
We first consider the motion of a spinning particle in the equatorial plane of the Schwarzschild black hole with the particle spin vector perpendicular to that plane. This problem has been solved in [3] for the more general case of a Kerr black hole. The Schwarzschild metric is a spherically symmetric solution of the vacuum Einstein field equations. In terms of a spherical coordinates x µ = (t, r, θ, φ), it is given by
where f (r) = 1 − 2M r , M being the gravitational source. We now take the spin vector s µ in the θ-direction with
in which s is constant. The particle four-momentum is perpendicular to spin by construction, equation (6) . Here we adopt ǫ trθφ = +1. The above choice for the spin vector is consistent with the equations of motion (1) and (2) (see also [22] ). Now by starting from equation (7), it can be shown that the following relation holds
in whichŝ = s m . This shows that p r and v r are proportional if the factor in the right hand side of the above relation is not equal to zero. Thus the zeros of p r and v r coincide. Now from (4) we have
Since we are interested in turning points, we set p r = 0. Also according to the chosen ansatz, the particle has a vanishing p θ component. Thus the second and third term in the right hand side of the above expression drop and we are left with
To obtain the components p t and p φ of the momentum we use equation (8) . The Schwarzschild metric admit four Killing vectors from which we choose the following ones 
representing its stationary and axisymmetric nature. As a consequence, equation (8) gives the following constants of motion
in which E, l can be interpreted as the particle energy and the angular momentum component along the axis of symmetry, respectively. Thus equations (16) and (17) can be recast in the following form
Defining A = Mŝ r 3 , from these equations we obtain
Putting these into (13) and solving the resulting equation for E = E m we obtain
where λ = l m , and f = 1 −
2M
r . This result agrees with equation (38) of [3] in the limiting case of a = 0. The validity of the Mathisson-Papapetrou-Dixon model for spinning test particles is subject to the condition that the characteristic length scaleŝ associated with the particle be small compared with the natural length scale M , associated with the background field [23] . We have depicted E ± in figure 1 which shows the loci of turning points of the spinning particle for different values ofŝ and λ. For fŝ 2 − r 2 = 0 the function E diverges. This situation is equivalent to settinĝ
. This is depicted in figure 2 . The figure shows thatŝ has a minimum value of about 5M which is far beyond the values for which the whole approach is valid. This reaches us at the conclusion that E ± do not diverge within this model. We now consider the case where v r is zero for non-zero p r . From equation (7), this corresponds to
which is meaningless because for smallŝ the numerator Mŝ 2 − r 3 is negative. The occurrence of this case might be a hint at the limit of the validity of the method used here. Thus this case is ruled out.
For smallŝ one can expand expression (22) in powers ofŝ. Expanding (22) and neglecting O(ŝ 2 ) terms, we get the following relation for the particle specific energy
which is more illuminating. 
Motion in Schwarzschild-de Sitter space-time
The static spherically symmetric solution of the Einstein field equations with cosmological constant term
for vanishing sources T µν = 0 is the Schwarzschild-de Sitter space-time solution which can be written in Schwarzschild-like coordinates as
Taking equations (16) and (17) (with the same Killing vectors) into account, we find for the above space-time
These result in
where
. Now by following the same procedure as of the previous section, we reach at
For the region near the black hole, the particle behaves in the same manner as in the case of Schwarzschild space-time due to the smallness of the cosmological constant. Thus according to the above relation the cosmological constant has a significant effect only for large distances r 0 which are of the order of
The value of the cosmological constant used above could be related to other physical parameters such as the critical density ρ c and the Hubble parameter
with the dimensionless parameter h ∼ 0.7 [24] . For distances of this order of magnitude, the particle energy becomes independent of its spinŝ. The above relation is depicted in figure 3 . Figure 3: The locus of turning points for the motion in Schwarzschild-de Sitter space-time for r ∼ r 0 Upper branch corresponds to the particle specific energy E − and lower branch to E + . The r-axis is in units of
and the E-axis is in units of m.
In the limit hŝ 2 − r 2 = 0 which corresponds tô s = ±r 3 2 r − 2M + Λr
the particle specific energy E diverges. This expression reduces to the corresponding relation for the case of Schwarzschild space-time whenever we set Λ = 0. For values of r comparable to r 0 , the cosmological constant becomes important, but this corresponds to values ofŝ which are not within the range of validity and thus we get the same conclusion as to the case of motion in Schwarzschild space-time.
The arguments related to the situation where p r is not equal to zero but v r vanishes go as follows. We have the relation
and hence
resulting to the same conclusion as to the case described by relation (23) . For small values of particle specific spinŝ we can obtain a relation similar to (24)
For M = 0, the metric (26) reduces to de Sitter metric. For this space-time, it can be shown from equation (7) that p µ is equal to mv µ , just like a test particle without spin. This result is also reflected in the expression for the particle specific energy. Setting M = 0 in (36) results in
where h ′ = 1 + Λ 3 r 2 . This shows that the particle spin contribution to E is a constant term. So far in our analysis, we have confined ourselves to the present time value of the cosmological constant which is very small. However it would also be interesting to consider an effective cosmological constant of higher orders of magnitude corresponding to some other epoches. In fact, substantially higher orders of magnitude could have been occurred in the early universe due to phase transitions [25] . This leads to a different behavior of spinning particles. Figure 4 shows the particle specific energy in such circumstances. 
Discussion
We have studied the motion of a spinning particle in the equatorial plane of the Schwarzschild and Schwarzschild-de Sitter space-times with the particle spin perpendicular to that plane. Our analysis is based on a systematic use of both generic and non-generic (i.e those depending on the background symmetries) constants of motion. For the Schwarzschild case the corresponding results of the case of the Kerr black hole [3] are recovered in the appropriate limit, up to differences due to imposing the validity conditionŝ ≪ M . In both space-times, the turning points are located closer to the black hole for lower particle energies. In the case of the Schwarzschild-de Sitter space-time the particle dynamics is affected by the cosmological constants only for distances of the order of inverse square root of the cosmological constant. For these distances the loci of turning points have a different shape compared to distances close to the black hole.
For vanishing v φ the locus of turning points we have found, is the equilibrium position of spinning particle in the equatorial plane. Thus our results are related to those of [15, 16] in which the equilibrium position have been obtained (but with a different supplementary condition.) In [16] , the authors obtained the result that in the space-time under consideration, the equation of motion in not influenced by the spin vector in the case of particles in stationary equilibrium positions. Concerning the motion of particles, our considerations are more general, because we have not assumed the stationary equilibrium condition. Forŝ = 0, parts of the results of [14] are recovered.
We have used the same supplementary condition as that of [3] , however it would be interesting to consider other supplementary conditions as discussed in [6] . Our results might be of interest in understanding the influence of Schwarzschild-de Sitter black hole and the cosmological constant on the behavior of spinning compact objects.
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